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1. INTRODUCTION
Consider a two-person zero-sum game: let X and Y be two strategy sets
for players A and B, respectively; let f : X = Y “ R be a trade-off
function, which means the loss of A and the gain of B. A point x g X is
called a minimax strategy for A if
sup f x , y s inf sup f x , y ,Ž . Ž .
xgXygY ygY
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and y g Y is a maximin strategy for B if
inf f x , y s sup inf f x , y .Ž . Ž .
xgX xgXygY
Ž . Ž .A point x, y g X = Y is called an optimal solution, or a saddle point
solution of the game if
f x , y F f x , y F f x , y ; x g X , ; y g Y ,Ž . Ž .Ž .
that is, if x is a minimax strategy, y is a maximum strategy, and
inf sup f x , y s sup inf f x , y .Ž . Ž .
xgX xgXygY ygY
Since von Neumann's pioneer work in 1923, there have been studies of
many minimax theorems addressing the question of under what conditions
the above minimax's equality holds. In general, we have
inf sup f x , y G sup inf f x , yŽ . Ž .
xgX xgXygY ygY
and the inequality can be strict even if X, Y are compact metric spaces and
Ž . Ž .f continuous. If inf sup f x, y y sup inf f x, y ) 0, onex g X y g Y y g Y x g X
w xsays that the game has no solution. Vorobev 5 proposed a concept of
w xso-called e-solutions. It corresponds to the concept of e-saddle points 4 .
Ž .An e-saddle point is a point x , y g X = Y such thate e
f x , y y e F f x , y F f x , y q e , ; x , y g X = Y .Ž . Ž . Ž . Ž .e e e e
Ž .Clearly any x , y in X = Y is an e-saddle point if0 0
e ) max sup f x , y y f x , y , f x , y y inf f x , y .Ž . Ž . Ž . Ž .0 0 0 0 0 0½ 5
xy
In particular if f is bounded, f has an e-saddle point for some e ) 0.
Ž . Ž .Let w : X “ R, c : Y “ R, A w, c - penalised saddle point is a point
Ž . Ž .x , y g X = Y such that ; x, y g X = Y,w c
f x , y q w x F f x , y q w x ,Ž . Ž . Ž . Ž .w c w c
f x , y q c y G f x , y q c y .Ž . Ž . Ž . Ž .w c c w
Here, w and yc may be considered as some ``bargain cost.'' One of our
aims is to prove that under some conditions, any e-saddle point has a
Ž . Ž .nearby w, c - penalised saddle point for appropriate w, c . This implies
in particular that, if f is a continuous function and X, Y are compact metric
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Ž . Ž .spaces, then a w, c - penalised saddle point always exists for some continu-
Ž .ous w, c cf. Theorem 3 .
ŽThroughout we consider a fixed positive integer l, and an l-person non-
. Ž .cooperative and continuous game F on P sometimes denoted by P, F :
Here P is the product of nonempty complete metric spaces X , X ,1 2
Ž .. . . , X and F s f , f , . . . , f is an l-tuple of continuous real functions onl 1 2 l
ÄŽ .P. f is referred to as the loss function of X for Player j . We say that f :j j j
Ž . Ž .P “ R is a continuous modification of f with ``modifier'' w if there isj j
a continuous function w : X “ R such thatj j
Ä vf x , . . . , x , , x , . . . , xŽ .j 1 jy1 jq1 l
v vs f x , . . . , x , , x , . . . , x q wŽ . Ž .j 1 jy1 jq1 l j
Ž .on X for all x , . . . , x , x , . . . , x g Ł X . w may be thought ofj 1 jy1 jq1 l i/ j i j
as the additional cost function for Player j if one contemplates replacing fj
Ä Ä Ä ÄŽ .with f . We also say that F s f , . . . , f is a modification of F withj 1 l
ÄŽ .modifier w , . . . , w if each f is a modification of f with modifier w . w1 l j j j j
Ä 5 5is an e-modifier and f is an e-modification if w F e , that is,‘j j
 < Ž . < 4sup w x : x g X F e . If this is the case for each j, we also say thatj j j j
ÄŽ .w , . . . , w is an e-modifier and F is an e-modification of F.1 l
Ž . Ž .A point a [ a , . . . , a g P is called a Nash equilibrium point of the1 l
game, if
f a F inf f a , . . . , a , ¤ , a , . . . , a , ; j s 1, 2, . . . , l.Ž . Ã 4Žj j 1 jy1 jq1 l
¤gXÃ j
Ž . Ž .More generally, for e ) 0, an a [ a , . . . , a g P is called a Nash1 l
e-equilibrium point of the game, if
f a - e q inf f a , . . . , a , ¤ , a , . . . , a , ; j.Ž . ÃŽ .j j 1 jy1 jq1 l
¤gXÃ j
If f , f , . . . , f are bounded, say m F f F M on P for all j, then each1 2 l j
Ž .point x g P is an e-equilibrium point for f , f , . . . , f whenever e )1 2 l
M y m. For discussion of optimality conditions in minimizing continuous
w xor semicontinuous functions, see 1]3 and references cited therein.
Ž .In general, a game P, F may not have an equilibrium point. Our main
Ž . Žresult Theorem 2 implies that under appropriate conditions e.g.,
.X , . . . , X are compact the game has at least one w-Nash equilibrium1 l
Äpoint a g P in the sense that there exists a modification F with modifier w
ÄŽ .such that a is an equilibrium point of P, F ; also if a9 is an e-equilibrium
ÄŽ . Ž .point of P, F then w can be chosen to be an e-modifier such that P, F
admits an equilibrium point a near to a9.
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2. Inf-COMPACTNESS AND LOWER SEMICONTINUITY
By abuse of notation, we use the same letter d to denote the metric for
each X , and also that for P s Ł X defined byj j
d x , y s max d x , y : j s 1, 2, . . . , lŽ . Ž . 4j j
Ž . Ž .for all x s x , . . . , x and y s y , . . . , y in P. For each j, denote the1 l 1 l
Ãproduct Ł X by P with the metric defined similarly as above. Fori/ j i j
ÃŽ .  4z s z , . . . , z , z , . . . , z g P and a function f : P “ R j q‘ , let1 jy1 jq1 l j
 4f : X “ R j q‘ be defined byz j
f ¤ s f z , . . . , z , ¤ , z , . . . , z , ;¤ g X .Ž .Ã Ã ÃŽ .z 1 jy1 jq1 l j
 4  Ž . 4For a g R, f F a denotes the sublevel set ¤ g X : f ¤ F a . ForÃ Ãz j z
Ã  4  4  4Z : P , f F a denotes the union D f F a . If f F a is rela-j Z z g Z z Z
Ãtively compact in X for each a g R and each compact subset Z of P ,j j
then the function f is said to be X -inf-compact, or simply X -compact.j j
Clearly this condition is satisfied if X is compact. Another example isj
given below.
EXAMPLE. Let X, Y be metric spaces with Y s R m, and let f : X = Y
 4 Ž .“ R j q‘ be a function satisfying the property that lim f x , yn“‘ n n
5 5  4s q‘ whenever y “ ‘. Then f is Y-compact. In fact, if f F an Z
is not relatively compact in Y for some a g R and some compact subset Z
m  4of X then, since Y s R , f F a contains an unbounded sequence andZ
Ž . Ž . Ž .hence there exist sequences z : Z and y “ ‘ such that f z , y F an n n n
Ž .for all n, contracting the assumption that lim f z , y s q‘.n n n
LEMMA 1. Let X, Y be metric spaces and let f , g be functions from X = Y
 4into R j q‘ such that, for some M g R,
f x , y F g x , y q M for all x , y .Ž . Ž . Ž .
If f is Y-compact then so is g, and so is any function of the form f q h,
 4where h: X = Y “ R j q‘ is assumed to be bounded below.
 4  4Proof. Let Z : X and a g R. Then g F a : f F a q M ; thusZ Z
the first assertion of the lemma is seen to hold. For the second assertion,
Ž .take a constant m g R such that m F h; then f F f q h y m on X = Y.
The following result on stability of lower semicontinuity will play an
important role for the proof of our main result in Section 3.
MULTI-VARIATIONAL PRINCIPLE 23
THEOREM 1. Let X, Y be metric spaces. Let f , h be lower semicontinuous
 4functions from X = Y into R j q‘ . Suppose that f is Y-compact and that h
is bounded below. Then the function
x ‹ inf f x , y q h x , y 4Ž . Ž .
y
is lower semicontinuous.
Proof. Write g for the function f q h. Clearly g is lower semicontinu-
ous. Also, by Lemma 1, g is Y-compact as is f. Let x “ x . We prove thatn 0
inf g x , y F lim inf inf g x , y . 1Ž . Ž . Ž .0 nž /
y n y
Suppose not: ’a g R such that
inf g x , y ) a ) lim inf inf g x , y . 2Ž . Ž . Ž .0 nž /
y n y
By considering a subsequence if necessary, we may suppose that
a ) inf g x , yŽ .n
y
for all n. Take y g Y such thatn
a ) g x , y . 3Ž . Ž .n n
 4Let Z s x : n s 0, 1, . . . . Then Z is a compact subset of X and so then
 4sublevel set g F a is relatively compact in Y since g is Y-compact. ByZ
Ž . Ž . Ž .3 , y is in the sublevel set and it follows that the sequence y has an n
cluster point y. Without loss of generality let y “ y. Then, by the lowern
semicontinuity
g x , y F lim inf g x , y ,Ž .Ž .0 n n
n
Ž . Ž . Ž .and it follows from 3 that g x , y F a , contradicting 2 .0
Remark. Simple examples in R2 show that the Y-compactness condi-
tion of f cannot be dropped.
3. MAIN RESULTS
We begin with a simple lemma, which may be considered a ``simplified
w xEkeland variational principle'' 3 .
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Ž .LEMMA 2. Let X, d be a metric space, a g X, e ) 0, and h: X “ R j
 4q‘ be a function such that
h a - inf h x q e .Ž . Ž .
x
Ž .Then, for any h ) 0 and any m ) 0, there exist a g X with d a, a - h andÄ Ä
w x Ž .a continuous function w : X “ 0, e such that w a s 0, and
Ä Äh a - inf h x q m , 4Ž . Ž . Ž .Ä
x
Äwhere h [ h q w.
Ž . y1 Ž . Ž . Ž .Proof. Define w x s eh d a, x if d x, a F h and w x s e if
Ž .d a, x ) h. Let
Ä ÄJ s x g X : h x F h a .Ž . Ž . 4a
Notice that J contains a and is contained in the ball with centre a anda
m mÄ Ä ÄŽ . Ž . Ž Ž . .radius h. Take a g J such that h a - inf h x q F h a q . IfÄ Äa x g Ja 2 2
Ä ÄŽ . Ž .x g X _ J then h a - h x , and soa
Ä Ä Äh a - h a q mr2 - h x q mr2,Ž . Ž . Ž .Ä
Ä ÄŽ . Ž .showing that h a F inf h x q mr2 and consequentlyÄ x g X _ Ja
Ä Äh a F inf h x q mr2Ž . Ž .Ä
xgX
by combining an earlier inequality.
Lemma 2 can be restated in the following more convenient form for our
proof of Theorem 2.
Ž .LEMMA 3. Let P s X = ??? = X , a s a , . . . , a g P, e ) 0; 1 F1 l 1 l
 4 Ž . Žj F l and let h: P “ R j q‘ be such that h a - inf h a , . . . ,¤ g X 1Ã j
.a , ¤ , a , . . . , a q e . Let h ) 0 and m ) 0. Then there exist a g XÃ Äjy1 jq1 l j j
Ž . w x Ž .with d a , a - h and a continuous function w : X “ 0, e with w a s 0Äj j j j
such that
Äh a , . . . , a , a , a , . . . , aÄŽ .1 jy1 j jq1 l
Ä- inf h a , . . . , a , ¤ , a , . . . , a q m ,ÃŽ .1 jy1 jq1 l
¤gXÃ
ÄŽ . Ž . Ž . Ž .where h x , . . . , x [ h x , . . . , x q w x for all x , . . . , x g P.1 l 1 l j 1 l
We are now ready for our main result.
Ž .THEOREM 2. Let P, F be an l-person continuous game: P s
Ž .X = . . . = X the product of complete metric spaces, and F s f , . . . , f an1 l 1 l
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l-tuple of continuous real-¤alued functions on P. Suppose that, for each j, f j
Ž .is X -compact. Let e ) 0 and a s a , . . . , a g P be an e-equilibrium pointj 1 l
Ž . Ž .for the game P, F . Then, for any m ) 0, there exist a s a , . . . , a g P1 l
and an e-modification F of F such that
Ž . Ž .i a is an equilibrium point for P, F
and
Ž . Ž .ii d a, a F m.
As an immediate consequence, we have the following:
ŽCOROLLARY. Suppose that each X is compact and each f is continu-j j
.ous . Then there exists e ) 0 such that the set E defined bye
 4E [ x g P : x is an equilibrium point for some e-modification of Fe
is dense in P.
 4In fact, one can take any e ) max M y m : i s 1, 2, . . . , l where M , mi i i i
are the upper and lower bounds of the function f on P.i
Proof of Theorem 2. Since a is an e-equilibrium point for F, it is also an
Ž .e 9-equilibrium point for F where e 9 g 0, e sufficiently near to e . Thus,
for each j, one has
f a - inf f a , . . . , a , ¤ , a , . . . , a q e 9. 5Ž . Ž .ÃŽ .j j 1 jy1 jq1 l
¤gXÃ j
 Ž . 4Take a sequence m n : n s 0, 1, 2, . . . of positive real numbers such
‘ 1Ž . Ž .  4that m 0 s e 9 and Ý m n s min m, e y e 9 . We will find a sns1
Ž 1 1. Ž Ž .. Ž .a , . . . , a lying in the ball B a, m 1 of P and construct a m 0 -modifi-1 l
1 Ž 1 1. Ž . Ž 1 1. 1cation F s f , . . . , f of F with m 0 -modifier w , . . . , w such that a1 l 1 l
1Ž . Ž .is a m 1 -equilibrium point of P, F . To do this, take h ) 0 such that,1
for each j / 1, the following inequality holds on the h -neighbourhood of1
a in X :1 1
v vf , a , . . . , a y inf f , a , . . . , a , ¤ , a , . . . , a - m 0 . 6Ž . Ž . Ž .ÃŽ .j 2 l j 2 jy1 jq1 l
¤gXÃ j
Ž . Ž .Such h exists because 6 holds at a by 5 and the function on the1 1
Ž .left-hand side of 6 is upper semicontinuous by Theorem 1 thanks to the
 Ž .4 Ž .assumption that f is X -compact. For h [ min h , m 1 and m s m 1j j 1 1
Ž . Ž .one applies Lemma 3 to 5 with j s 1 to obtain a g B a , h and aÄ1 1 1
w Ž .xcontinuous function w : X “ 0, m 0 such that1 1
Ä Äf a , a , . . . , a - inf f u , a , . . . , a q m 1 , 7Ž . Ž .Ž . Ž .Ä Ã1 1 2 l 1 2 l
ugXÃ 1
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Ä  4 Ž .where f : P “ R j q‘ is a m 0 -modification of f given by1 1
Äf x , . . . , x s f x , . . . , x q w x , ; x , . . . , x g P .Ž . Ž . Ž . Ž .1 1 l 1 1 l 1 1 1 l
Ž . Ž .Since a g B a , h , 6 entails for each j / 1 thatÄ1 1 1
f a , a , . . . , a - inf f a , a , . . . , a , ¤ , a , . . . , a q m 0 . 8Ž . Ž .Ž .Ä Ä ÃŽ .j 1 2 l j 1 2 jy1 jq1 l
¤gXÃ j
ÄŽ .Repeating the above argument to f , f , . . . , f , f in place of2 3 l 1
ÄŽ . Ž .f , f , . . . , f , one can similarly find a m 0 -modification f of f with1 2 l 2 2
Ž . Ž Ž ..m 0 -modifier w and a g B a , m 1 such thatÄ2 2 2
Ä Äf a , a , a , . . . , a - inf f a , u , a , . . . , a q m 1 ,Ž .Ä Ä Ä ÃŽ . Ž .2 1 2 3 l 2 1 3 l
ugXÃ 2
f a , a , a , . . . , a - inf f a , a , a , . . . , a , ¤ , a , . . . , aÄ Ä Ä Ä ÃŽ . ž /j 1 2 3 l j 1 2 3 jy1 jq1 l
¤gXÃ j
q m 0 , ; j / 1, 2Ž .
Ä Äf a , a , a , . . . , a - inf f u , a , a , . . . , a q m 1 .Ž .Ä Ä Ã ÄŽ . Ž .1 1 2 3 l 1 2 3 l
ugXÃ 1
Ž . Ž Ž ..Continuing in this way, one obtains a , . . . , a g B a, m 1 in P andÄ Ä1 l
Ä Ä ÄŽ . Ž . Ž . Ž .m 0 -modification f , f , . . . , f of f , f , . . . , f with m 0 -modifier1 2 l 1 2 l
Ž . Ž . Ž .w , w , . . . , w such that a , . . . , a is a m 1 -equilibrium point ofÄ Ä1 2 l 1 l
1 1 1 Ä Ä ÄŽ . Ž . Ž . Ž .f , f , . . . , f . Denote a , . . . , a by a s a , . . . , a , f , f , . . . , f byÄ Ä1 2 l 1 l 1 l 1 2 l
Ž 1 1 1. Ž . Ž 1 1.f , f , . . . , f , and w , . . . , w by w , . . . , w . Then we have for each1 2 l 1 l 1 l
j s 1, . . . , l,
A d a, a1 F m 1 ;Ž . Ž . Ž .1
5 1 5B w F m 0 ;Ž . Ž .‘1 j
C f 1 a1 - inf f 1 a1 , . . . , a1 , ¤ , a1 , . . . , a1 q m 1 .Ž . Ž . Ž .Ãž /1 j j 1 jy1 jq1 l
¤gXÃ j
n Ž n n. Ž .Inductively at the nth step, one has a s a , . . . , a g P and m n y 1 -1 l
Ž n n. Ž ny1 ny1. Ž .modification f , . . . , f of f , . . . , f with m n y 1 -modified1 l 1 l
Ž n n.w , . . . , w such that for each j s 1, . . . , l,1 l
A d an , any1 F m n ;Ž . Ž . Ž .n
5 n 5B w F m n y 1 ;Ž . Ž .‘n j
C f n an - inf f n an , . . . , an , ¤ , an , . . . , an q m n .Ž . Ž . Ž .ÃŽ .n j j 1 jy1 jq1 l
¤gXÃ j
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Ž n. Ž n n.Thus, we have a sequence a : P, sequences w , . . . , w and1 l
Ž n n. Ž .f , . . . , f of l-tuples of continuous functions with the properties A ,1 l n
Ž . Ž .B , C , andn n
D f n x , . . . , x s f ny1 x , . . . , x q w n x ,Ž . Ž . Ž . Ž .n j 1 l j 1 l j j
; x , . . . , x g PŽ .1 l
holding true for each j s 1, . . . , l and each n s 1, 2, . . . . Here f 0 is to bej
‘ Ž . Ž . Ž n.read as f . Since Ý m n - q‘, A implies that a is a Cauchyj ns1 n
Ž .sequence in P and hence converges, say to a s a , . . . , a g P. Similarly,1 l
Ž . ‘ nby B , the series Ý w of continuous real-valued functions is uni-n ns1 j
formly summable, we denote this sum by g . Then g is also a continuousj j
5 5 ‘ Ž . Žreal-valued function on X and satisfies g F Ý m n y 1 F e 9 q e‘j j ns1
. Ž n.y e 9 s e . Consequently the sequence f also converges uniformly onj
Ž . Ž .P, with limit denoted by f . From D it follows that f x , . . . , x sj n j 1 l
Ž . Ž . Ž .f x , . . . , x q g x for all x , . . . , x g P; thus f is an e-modificationj 1 l j j 1 l j
Ž .of f . Moreover, passing to the limits as n “ ‘ it follows from C thatj n
f a F f a , . . . , a , ¤ , a , . . . , a , ;¤ g X .Ž . Ã Ãž /j j 1 jy1 jq1 l j
Since one can do this for each j s 1, 2, . . . , l, this shows that a is a
Ž .Nash-equilibrium point of f , . . . , f .1 l
We next apply Theorem 2 to establish the existence of penalized saddle
Ž .points. Let l be any positive integer and consider an l-tuple f , f , . . . , f1 2 l
of continuous functions where each
f : X = Y = ??? = X = Y “ RŽ . Ž .i 1 1 l l
l Ž .is a continuous real-valued function on the product Ł X = Y of 2 lis1 i i
complete metric spaces X , Y , . . . , X , Y . Let1 1 l l
l
z [ a , b , . . . , a , b g X = Y .Ž . Ž . Ž .Ž . Ł1 1 l l i i
is1
Ž .For e G 0, z is called a simultaneous e-saddle for the functions f , . . . , f ,1 l
if for each i, one has
f a , b , . . . , a , ¤ , . . . , a , b F f z q e , ;¤ g YŽ . Ž . Ž .Ž .Ã ÃŽ .i 1 1 i l l i i
and
f z y e F f a , b , . . . , u , b , . . . , a , b , ;u g X .Ž . Ž . Ž .Ž .Ã ÃŽ .i i 1 1 1 l l i
For e s 0, e-saddle points will simply be called saddle points.
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Ž .Let w : X “ R and c : Y “ R. Let w s w , . . . , w and c si i i i 1 l
Ž . Ž . Ž . Žc , . . . , c . Then x g Ł X = Y is called a w, c - penalized simultane-1 l i i i
.ous -saddle point for the functions f , . . . , f , if it is a simultaneous saddle1 l
for the functions f , . . . , f where1 l
f : X = Y “ RŽ .Łi i i
i
is defined by
f x , y , . . . , x , y [ f x , y , . . . , x q w x q c y .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .i 1 1 l l i 1 1 l , l i i i i
9Ž .
THEOREM 3. Suppose that, for each i, f is X -compact and yf isi i i
l Ž .Y -compact. Let e ) 0, and let z g Ł X = Y be an e-saddle point fori is1 i i
Ž .f , . . . , f . Then, for any m ) 0, there exist continuous real-¤alued functions1 l
w , . . . , w ; c , . . . , c , respecti¤ely defined on X , . . . , X ; Y , . . . , Y , and1 l 1 l 1 l 1 l
Ž .there exists a point z9 g Ł X = Y such thati i
Ž . 5 5 5 5i w F e , c F e , ; i s 1, . . . , l,i i
Ž . Ž .ii d z, z9 F m,
Ž . Ž . Ž .iii z9 is a w, c -saddle point for f , . . . , f .1 l
Ž .Proof. By assumption, z is an e-equilibrium point for the 2 l -tuple
Ž .f , yf , . . . , f , yf of continuous functions on the product X = Y1 1 l l 1 1
= ??? = X = Y . By Theorem 2, there exist continuous real-valued func-l l
tions w , yc , . . . , w , yc , respectively, on X , Y , . . . , X , Y and a1 1 1 1 1 1 l l
Ž . ŽŽ X X . Ž X X.. Ž .w, c -Nash equilibrium point z9 [ x , y , . . . , x , y g Ł X = Y1 1 l l i i
Ž . Ž .satisfying conditions i and ii above such that
f z9 q w xX F f xX , yX , . . . , u , y9 , . . . , xX , yXŽ . Ž . Ž . Ž .Ž .ÃŽ .i i i i 1 1 i l l
q w u ;u g XŽ .Ã Ãi i
yf z9 y c yX F yf xX , yX , . . . , xX , ¤ , . . . , xX , yXŽ . Ž . Ž . Ž .Ž .ÃŽ .i i i i 1 1 i l l
y c ¤ ;¤ g Y ,Ž .Ã Ãi i
Ž .verifying iii .
ŽCOROLLARY. Suppose that each X is compact and each f is continu-i i
.ous . Let
 4e ) max M y m : i s 1, 2, . . . , l , 10Ž .i i
where M , m are the upper and lower bounds of the f on P. Let H consisti i i e
l Ž . Ž .of all z9 g Ł X = Y for each of which there exist w [ w , w , . . . , wis1 i i 1 2 l
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Ž .and c [ c , c , . . . , c , two n-tuples of continuous functions w , . . . , w ;1 2 l 1 l
c , . . . , c , respecti¤ely defined on X , . . . , X ; Y , . . . , Y with the sup-norm1 l 1 l 1 l
Ž . Ž .F e such that z9 is a w, c -saddle point for f , . . . , f . Then H is dense in1 l e
l Ž .Ł X = Y .is1 i i
Ž . l Ž .Proof. By 10 , each z in P X = Y is an e-equilibrium point foris1 i i
Ž . Ž .the 2 l -tuple f , yf , . . . , f , yf , that is, z is an e-saddle point for1 1 l l
Ž .f , . . . , f . Thus one can apply Theorem 3 to find points a9 g H arbitrar-1 l e
ily near to z.
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